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A generalization of the idea of a coloring is proposed in which regions of a 
map may be assigned more than one color. The existence of a certain type- of 
generalized coloring for an arbitrary planar map is shown. As a corollary we 
have: if a planar map has less than four different 5-colorings (with color in- 
difference) then it has a 4-coloring. 
I. The purpose of this paper is to introduce an apparently new 
concept in coloring graphs, and to use this to investigate the number of 
5-colorings with color indifference of a planar map. In particular, we show 
that most all planar maps have at least four different 5-colorings. If a map 
has exactly one, two, or three 5-colorings, then it has a Ccoloring. These 
results are reminiscent of work of Chartrand and Geller [l], which shows 
that, if a planar map does not have a Ccoloring, then it has at least two 
5-colorings. Our fundamental concept is the following definition: 
DEFINITION. Let G be a planar graph with regions Ri . Let C be a set 
of labels (colors). If we assign to each Ri a subset of C, denoted C(Ri) so 
that C(R,) n C(R,) = 0 whenever Ri and R$ have an edge in common, we 
call this a generalized coloring of G with C. 
Our main result is the folowing: 
THEOREM 1. Let G be a planar map with at least 5 regions. Then there 
exist a pair of regions RI and R, which are non-adjacent, and there exists, 
for any such non-adjacent pair, a generalized coloring with 5 colors in which 
R, and R, each get two colors and aN other regions get one color. 
Before proceeding to the proof, certain comments and preliminary 
results are useful. 
(1) We will interpret the word graph as allowing loops and multiple 
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edges. We will actually prove Theorem 1 only for the class of maps formed 
by connected, trivalent bridgeless graphs. Extending the result to not 
necessarily trivalent but bridgeless and connected graphs follows the 
standard pattern of “truncating” vertices. Specifically, for each non- 
trivalent vertex x in G, enclose x in a small simple closed curve C which 
touches only edges of G which are incident with x and crosses each of these 
edges exactly once. Now delete all parts of G lying in the interior of C. 
If we have a generalized coloring for the resulting trivalent map, it induces 
a generalized coloring for the original map if we shrink the simple closed 
curves back to the original vertices and maintain the same colors on the 
regions. 
Now, in an arbitrary connected map with bridges, if we eliminate each 
bridge and identify its end-points we eliminate all bridges but do not 
change any adjacencies. Consequently the theorem can be extended to 
arbitrary connected maps. 
Extension to arbitrary, not necessarily connected, maps occurs by adding 
bridges if necessary to connect the various components of the graph. Any 
coloring of the resulting map induces a coloring of the original in the 
obvious way. 
As a result of these remarks, we shall assume that a map is always formed 
by a graph which is trivalent, connected, and bridgeless. It is worth noting 
that a trivalent map which contains no bridges does not contain a 1-gon, 
a region bounded by a loop. However, regions with fewer than six 
bounding edges (henceforth called small-gons) are present according to 
the following consequence of the Euler relation: 
4f + 3f3 + 2h +f, = 12 + c G - 6)h, 
where ft denotes the number of regions with i edges (i-gons). This equation 
is an easy consequence of the Euler relation u + f = e + 2, and the 
equations xi & = 2e = 3v, and xi fi = J 
(2) For a map with the generalized coloring described in the theorem, 
there are four ways of choosing single labels for R, and R, from the pairs 
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of labels these regions possess. These will give rise to four different 
decompositions of the vertices into color classes except under rather special 
circumstances (see Fig. 1 for examples). For such special cases we shall 
produce 4-colorings. 
(3) For graphs which have at least five regions and can be 4-colored, 
the conclusion of the theorem is obvious. One simply 4-colors the map 
and adds a fifth color to both R, and R, , doubly coloring them. 
II. To handle certain special cases in the proof, it is convenient 
to consider trivalent maps with the property that there is one face which 
touches each other face along one or more edges (see Fig. 2). If G is such 
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a map and C the face touching all other faces, it is readily apparent that, 
if we remove the edges of C from the graph of G, a forest F remains, a 
forest whose l-valent vertices all lie on C. For this reason we call such a 
map a circuit plus forest-like interior and denote it G(C, P). If F is a tree 
we call G(C, F) a circuit plus tree-like interior. 
LEMMA 1. If G(C, T) is a circuit plus tree-like interior where: 
(1) T has at least 4 vertices, and 
(2) G(C, T) is trivalent, 
then G(C, T) contains a triangular region. 
ProoJ We first show that T contains a vertex v, with val(v) = 3 and 
such that v is adjacent to at most one vertex whose valence in T differs 
from 1. To produce such a v we proceed by induction on n, the number of 
vertices in T. If n = 4, then T can consist only of a 3-valent vertex joined 
to three 1-valent vertices and the assertion is true. 
Since there exists no tree with I-valent and 3-valent vertices and exactly 
five vertices, we can now assume n > 5 and that the assertion is true for 
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trees with fewer than it vertices. Let (xy) be an edge where x has valence 1 
in T. Since G(C, T) is trivalent, T is a tree and IZ > 5, val(y) = 3. If we 
delete (xy), and vertices x and y (amalgamating the two edges meeting at y), 
we produce T’, a tree with II - 2 vertices to which we can apply the 
inductive hypothesis. We thus obtain u’, a vertex whose valence in T’ is 3 
and is adjacent to at most one vertex whose valence in 7”’ is not 1. Now u’ 
will have the same properties in T except under this circumstance: u’ is 
joined to y, and the remaining vertex joined to y, say z, is I-valent. But in 
this case, y will have the properties sought, and so let v = y. 
Now x and y divide C into two arcs, say C, and C, , with 
C, n C, = (x, y}. Each of C, and C, , when taken together with the path 
xuy forms a simple closed curve. Let e be the edge at o other than (XV) 
and (yv). Then e - {a} lies in the interior of exactly one of these, say 
C, v xvy. We claim now that C, v xvy bounds a triangular region of 
G(C, T). First observe that there are no vertices on C, - (x, y}. For if 
w  E C, - {x, y}, since G(C, T) is trivalent there is an edge e’ of T at w. 
Since e - {v} lies inside C, u xvy and not inside C, u xvy it is clear that 
e and e’ are in separate components of T, which is impossible since T is a 
tree. Thus C, is an edge and forms a triangular circuit with xvy. Since 
G(C, T) is connected there is no component of G(C, T) inside this circuit 
and the circuit bounds a single region of the map, a triangular region. 
LEMMA 2. If G(C, F) is a trivalent circuit plus forest-like interior it 
can be 4colored. 
Proof. First we show that it suffices to prove the lemma in the case F 
is a tree. For if F is not a tree then there is a face H with boundary 
x1 , x2 ,..., x, touching C along two distinct and non-consecutive edges, 
(x1x2) and (x,x,+,) say. Let G’(C, F’) be a new map created as follows: 
create new vertices y and z on (x~-~x~> and (x,+~x,+~), respectively, and 
join them by an edge. This map has forest-like interior, but the forest, F’, 
has fewer components. Furthermore, any-4-coloring for G’(C, F) induces 
one for G(C, F) as follows: delete edge (yz) and assign to H the color 
assigned to x1x2 ... x,,+~ YZX,+~...~, in the coloring of G’(C, 8”). 
The 4-colorability is now proved for the class of trivalent circuits plus 
tree-like interiors by induction on k, the number of edges on the tree 
inside C. The minimum value of k is 1, corresponding to the map with two 
regions inside C for which the 4-colorability is clear. Now, if G(C, T) 
has k > 2, then there are at least 4 vertices and Lemma 1 ensures the 
existence of a triangular region. We proceed by induction, the theorem 
being assumed true for maps with lesser values of k. We reduce G(C, T) 
to G’(C, T’) by the standard coloring reduction (see Fig. 2): an edge of the 
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triangle which is not an edge of C is removed and its end-points (now 
2-valent) are deleted with their two incident edges in each case 
amalgamated. A 4-coloring of G’(C, T’) gives rise to a 4-coloring of 
G(C, 7’) because when we restore the deleted edge the reappearing triangle 
is surrounded by three colors and we can color it with the fourth color. 
III. We now prove Theorem 1. 
Proof of Theorem 1. The existence of a disjoint pair of regions 
asserted in the Theorem is a simple consequence of the fact that the 
Kuratowski graph Kr, cannot be embedded in the plane. The rest of the 
proof is an induction on the number of regions. Since maps with fewer 
than forty regions have 4-colorings [3], the base of our induction is 
established. Assume now that G is a trivalent map with k regions where the 
theorem is correct for any map with k - 1 regions. The equation (*) 
guarantees the existence of regions with fewer than six edges (“small- 
gons”). We shall apply one of a number of familiar reductions to G, the 
choice depending on what sort of small-gon is available and how the 
regions R, and R, are situated. 
Case 1. SomeJ;. # 0 for i = 2, or 3 
We apply the appropriate reduction as indicated in Fig. 3. The only new 
incidences which arise concern the deleted small-gon, so if the latter is 
distinct from R, and R, we apply the inductive hypothesis and obtain a 
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generalized 5-coloring for the reduced map with R, and Rz doubly colored. 
When we restore the deleted edge and remove the color from the 
reappearing small-gon, the latter is surrounded by at most four colors 
(at most one Ri can touch the small-gon since the Ri are non-adjacent,) 
so a fifth color is available for the small-gon. If, on the other hand, the 
only 2- or 3-gon available is either R, or R2 , the foregoing procedure might 
enlarge an Ri so that it meets the other Ri , so we proceed differently as 
follows. Assume RI is a 2- or 3-gon and perform the same reduction 
as before on R, . But now designate, if possible, as R,* some region 
not adjacent to and distinct from Rz and apply the inductive hypothesis, 
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double-coloring RI* and R, . Suppress one of the colors on RI*, restore the 
deleted edge, remove the color from RI , and now add two distinct colors 
to RI , different from any of three which surround RI . If the designation 
of such a region as RI* is not possible, the reduced map has forest-like 
interior with respect to the circuit bounding R, and can be Ccolored. 
Then the original map can be 4-colored and an appropriate generalized 
5-coloring of G can be constructed as remarked in (3). 
Case 2. fi =f3 = O,& # 0 
Here our aim is to apply the reduction of Fig. 4, coloring the resulting 
map suitably, and then, provided it is not already surrounded by too 
many colors, coloring the restored region. However, this plan may fail for 
one of two reasons: the deletions may produce a map with a bridge or 
FIGURE 4 
which is disconnected, or the deleted region may be situated badly with 
respect to R, or Rz so that, when one restores the deleted region, it cannot 
be colored. The first objection can always be overcome by choosing the 
appropriate pair of opposite edges to delete. However, this may complicate 
the solution to the second objection. We handle the subcases as follows: 
Subcase 1. There is a 4-gon F not equal to R, or Ra and adjacent to 
at most one of these (say R, if such adjacency occurs). Delete a pair of 
opposite sides of F, the pair chosen so neither member bounds R, , 
provided this does not produce a graph with a bridge. If, in addition, no 
disconnection ensues, the inductive hypothesis is applicable since no 
extra adjacencies which would render R, and Rz adjacent have occurred. 
If we color the reduced map appropriately, we can get the desired coloring 
for G after restoring the deleted edges because F will be surrounded by 
at most four colors. 
However, if a disconnection has occurred, we must handle each com- 
ponent separately. If a component contains both Ri and the other 
component contains neither, we apply the inductive hypothesis to one 
and the usual 5-color theorem [2] to the other and then amalgamate these 
colorings to produce the desired generalized coloring for G. For this 
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amalgamation it may be necessary to permute the colors on one component 
so the two maps to be amalgamated agree in the color of their common 
face. But, if the Ri fall into separate components, we proceed in each 
component as follows: 
In the component containing Ri designate, if possible, a region Ri* 
distinct and not adjacent to Ri and apply the inductive hypothesis in that 
component, doubly coloring Rc and Ri*. Suppress one color on Ri*. If 
the designation of such an R,* is impossible, that component is a circuit 
plus forest-like interior and can be 4-colored, after which Ri can be given 
a fifth color. In either case, we produce a generalized coloring in each 
component in which each Ri is doubly colored. These can be amalgamated 
into the desired generalized coloring of G. Once again a permutation of 
colors on one component may be required so the colorings will coincide 
on the region of overlap. 
Now suppose the deletion described above is not possible because it 
would produce a bridge. In that case the map must have the structure 
indicated in Fig. 5 and can be pulled apart into two connected bridgeless 






maps Ml and Mz as indicated in the figure (formally the diagram is 
incorrect since the 2-valent vertices in the two components should be 
removed and the incident edges at each vertex amalgamated in order to 
stay in the class of trivalent maps). In each of Ml and M2 we produce a 
generalized 5-coloring in which Ri are double colored. The manner of 
doing this depends upon whether or not AC?, and Mz each contain an Ri . 
If they do not, then we apply the inductive hypothesis to the component 
containing both R6 and the 5-color theorem to the other. If both 
components contain an Ri, then in each of i&f1 and M2 we designate, if 
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possible, a region distinct and not adjacent to the Ri and apply the induc- 
tive hypothesis, doubly coloring the Ri and the designated region. There- 
after, suppress a color on the designated region. Should this designation 
not be possible then we are dealing with a circuit plus forest-like interior 
and it has a 4-coloring, whence we get the generalized 5-coloring by adding 
a color to Ri . Having thus colored M1 and M, , we can arrange these 
colorings so they agree on the regions common to both maps by permuting 
(if necessary) the colors on one-a device which is feasible since F, F’, F” 
are mutually adjacent in both Mi and so have distinct colors in both Mi . 
Subcase 2. There is a 4-gon not equal to R, or R, , but the only such 
4-gon is adjacent to both of R, and R, . In this subcase we delete that pair 
of opposite sides of the 4-gon of which each member bounds R, or R, . 
Since R, and R, are not adjacent, a connected bridgeless graph ensues. 
Let R denote the enlarged region which arises from R, , R, , and the 4-gon 
and now designate, if possible, a region R* in the reduced graph which is 
not adjacent to and distinct from R. If this is possible then the inductive 
hypothesis is applicable and we can get a generalized 5-coloring with R 
and R* doubly colored. Now suppress a color on R* and restore the deleted 
edges, causing the 4-gon to reappear. Eliminate the color on this 4-gon. 
This 4-gon is surrounded by at most four colors and can be given a fifth 
color. Should the designation of such an R* be impossible then the reduced 
graph is a circuit plus forest-like interior and can be 4-colored. After 
executing such a 4-coloring and restoring the deleted edges, add a fifth 
color to RI and R2 . Now the 4-gon is surrounded by four colors and can 
be recolored with a fifth to produce the desired generalized 5-coloring. 
Subcase 3. Each 4-gon is coincident with R, or R, . Delete a pair of 
opposite edges of the Cgon in such a way that the graph remains connected 
and bridgeless. Designate, in place of the destroyed region, say R, , a 
new region RI* which is disjoint and not adjacent to R, (RI* may be the 
enlarged region which arises from R, by the deletion). If such a designation 
is possible, the inductive hypothesis may be applied and RI* and R, 
doubly colored in a generalized 5-coloring of the reduced map. Now we 
can suppress a color on R,* and thereby be assured that, when we restore 
the deleted edges and remove the color from the reappearing R, , R, will 
be surrounded by at most three colors. Thus it can be doubly colored to 
produce the desired generalized 5-coloring. If the designation of such an 
RI* is not possible, then the reduced map is a circuit plus forest-like 
interior and can be 4-colored. After restoring the deleted edges and 
removing the color from the reappearing RI , RI will be surrounded by at 
most three colors. R, can therefore be provided with two colors and we 
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can also add another color to R, to obtain the desired generalized 
5-coloring. 
Case 3. fi = fz = fs = fa = 0, but fs # 0 
Figure 6 shows the type of reduction we wish to apply. The only compli- 
cation arises when each 5-gon is either identical to or adjacent to R, or Ra . 
Suppose RI is a k,-gon and Rz is a k,-gon. We distinguish three subcases: 
A. k, = k2 = 5, 
B. k, = 5, k, > 6, 
C. k, and k, 2 6. 
Assuming that all 5-gons are identical or adjacent to R, or R2 , we can 
draw the following conclusions in these cases: 
A. f5 < 12, 
B. f,<6+k,, 
C. fs < k + k, , 
with equality holding only when: 
R, and R2 are completely surrounded by 5-gons. 
However, (*) yields the following results in cases A, B, and C: 
A. fj 2 12, 
B. fs 2 6 + k, , 
C. f5 3 kl + k, . 
(**) 
In each of the last set of inequalities, equality holds only when: 
There are no k-gons, k 2 6, except possibly for RI and R2 
(depending on the case) (***I 
Comparing the two sets of inequalities, we see that equality must hold 
in the last set and so (**) and(***) hold. 
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It is not hard to see that maps with the properties (**) and (***),have 
the following sort of structure: a configuration of R1 surrounded by 5-gons, 
a configuration of R, surrounded by 5-gons, the two configurations 
attached directly as in Fig. 7a, or with intervening belts of hexagons as 
in Fig. 7b. Suitable generalized S-colorings can be easily constructed for 












COROLLARY. If G is a planar map with at least five regions and has fewer 
than four distinct Scolorings (with color indzyerence), then G can be 
4colored. 
Prooj Consider a particular generalized 5-coloring for G in which 
two disjoint regions R, and R, are each doubly colored. There are four 
possible ways of choosing a single color for each of R, and R2 . These give 
distinct color-indifferent 5-colorings except when two of the colors which 
appear in RI and R2 do not appear elsewhere in the map. But in these 
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exceptional cases the remainder of the map is 3-colored. A fourth color 
can be used to single-color both R, and R, since they are non-adjacent. 
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